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Each generalized disk D in the Riemann Sphere P1(C) corresponds to a

: . . s w
unique Hermitian matrix H = [w t] such that

o detH = —1;
o z*Hz < 0 on the “interior” of D.
1 _c
(Note: H=| "= |2 " ] for|z—c| < r.)
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Each generalized disk D in the Riemann Sphere P1(C) corresponds to a
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o detH = —1;
o z*Hz < 0 on the “interior” of D.
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Applying a Mdobius transformation m € PGL2(C) to D produces the disk
m(D) corresponding to the normalized Hermitian matrix:
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Each generalized disk D in the Riemann Sphere P1(C) corresponds to a

: . . s w
unique Hermitian matrix H = [w t] such that

o detH = —1;
o z*Hz < 0 on the “interior” of D.
1 _c
(Note: H = [’C g " | forfz—cl<r)
r r

Applying a Mdobius transformation m € PGL2(C) to D produces the disk
m(D) corresponding to the normalized Hermitian matrix:

m(H) = (m™1)*Hm™1
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For the ring of integers Ok of an algebraic number field K, and a fractional
Ok-ideal a, if an arrangement of disks in P(C) is generated by applying a
subgroup of PSL,(Ok) to a set of disks with forms H € M »(a), then
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w
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o All the disks have forms H = [S
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For the ring of integers Ok of an algebraic number field K, and a fractional
Ok-ideal a, if an arrangement of disks in P(C) is generated by applying a
subgroup of PSL,(Ok) to a set of disks with forms H € M »(a), then

w

J € Mo o(a).

o All the signed curvatures s and co-curvatures t are in a N R.

o All the disks have forms H = [:/

o All the C-corners w are in a.
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D; and Dy are externally tangent disks if and only if the normalized forms
satisfy
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D; and Dy are externally tangent disks if and only if the normalized forms
satisfy det(H; + H2) = 0.
If the normalized forms {H;} satisfy

aHi+--+cHy =0,

then for any Mobius transformation m,
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D; and Dy are externally tangent disks if and only if the normalized forms
satisfy det(H; + H2) = 0.
If the normalized forms {H;} satisfy

aHi+--+cHya= 0,
then for any Mobius transformation m,
cam(Hy) + -+ cam(H,) = O.

Proof:
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D; and Dy are externally tangent disks if and only if the normalized forms

satisfy det(H; + H2) = 0.
If the normalized forms {H;} satisfy

aHi+--+cHya= 0,
then for any Mobius transformation m,
cam(Hy) + -+ cam(H,) = O.

Proof: Distributive law of matrix multiplication.
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b(u, v) = real symmetric bilinear form in v = (u1,...,up) and
v=_(v1,...,Vp).

s:
i {H; — [J

VVJ' .
tj} }_y satisfy
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b(u, v) = real symmetric bilinear form in v = (u1,...,up) and

v=_(v1,...,Vp).

s;j W :
If {H; = [v;] tjj} 1y satisfy

b(s,s) =0, b(w,w) =0, b(t,t) =0,
b(s,w) =0, b(t,w) =0, b(s,t) = —b(w,w).
siow!
then, for Mobius m, {m(H;) = ﬁ t{ } satisfy
i
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b(u, v) = real symmetric bilinear form in v = (u1,...,up) and

v=_(v1,...,Vp).

Si 4 .
If {H; = [v;] tﬁ n_, satisfy

b(S,S)-O, b(W,W _0,

b(57 W) — 07 b(t7 w) = 0,

row!

then, for Mobius m, {m(Hj) =L 7
wi g

b(s',s') =0, b(w',w') =
b(s',w') =0, b(t',w') =

b(t,t) =0,
b(s,t) = —b(w,w).

] } satisfy

b(t',t') =0,
b(s', t') = —b(w', w).
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Proof of binary form theorem:

e 01 a 0 11
Just verify it for m = [1 0], [0 1], [0 1] (RREF)
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Proof of binary form theorem:

e 01 a 0 11
Just verify it for m = [1 0], [0 1], [0 1]. (RREF)

Corollary: Given {H;} satisfies the 6 stated equations,

b(H, H) = O.
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b(u,v):2Zujvj— Zuj Zvj
j=1 j=1 j=1
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Standard Descartes Forms:

Sl [l e L

j=1 j=1 j=1
4 4 4
2 Z HjH; = Z H; Z HJ)
j=1 j=1 j=1

October 25, 2019 16 /31



OONNS

Standard Descartes Forms:

R N e ]

October 25, 2019 16 /31



Hermitian Coxeter
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[ONRG

10 i 2 —i 0 —i 0 1
Standard Coxeter Forms: [—i 0}, [i 0], {i 2], [1 0}.
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10 2 —j 0 —i 01
Standard Coxeter Forms: [—i 0}, [i 0], [i 2], [1 O]'

b(u,v) = 2ugvs — Z ujvi + ugv;.
1<j<k<3

October 25, 2019 17 /31



[ONRG

0 i 2 —j 0 —i 01
Standard Coxeter Forms: [—i 0}, [i 0], [i 2], [1 O]'

b(u,v) = 2ugvs — Z ujvi + ugv;.
1<j<k<3
2HyHy = Z H;Hx + HiH;.
1<j<k<3
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Standard Coxeter Forms: [_OI I} [

o[ 2] Bl

0
b(u,v) = 2ugvs — Z ujvi + ugv;.
1<j<k<3
2HyHy = Z H;Hx + HiH;.
1<j<k<3

s2 = 515 + 5p53 + s351. (original version)
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Hermitian Steiner

H++H,:2T2thereT:tan%,J:%ZHJ.
j=1
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Hy+H_ =272 Jwherer =tan®, J=1)"H;
j=1

H = H.y satisfy, with K = % ﬁjHJ-,
j=1
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Hy+H_ =272 Jwherer =tan®, J=1)"H;

j=1
n

H = H.y satisfy, with K = % FH-
j=1

2(HH + 72K) = (H + m2J)(H + 72J) + (3 — 72)72JJ
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Hy+H_ =272 Jwherer =tan®, J=1)"H;
j=1

n

H = H.y satisfy, with K = % FH-

j=1
2(HH + 72K) = (H+ 72J)(H + 72J) + (3 — 73)72JJ
2
2 n 2 n 2.2 n
5 T 2| T ' (3—71)7 '
21s +njz_;Sj = S+njz_;5J +T J,Z_;SJ
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Possibly insert into the poetry of Soddy-Lagarias-Mallows-Wilkes ...7?7
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Much labor has made us aware,

The form of a circle is square.
Though surely a square is not round,
A similar rule again is found.
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G = (a1,...,ag) is a freely generated, maximally parabolic, discrete group
of Mobius transformations. From Keen-Maskit-Series, 1993:
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G = (a1,...,ag) is a freely generated, maximally parabolic, discrete group
of Mobius transformations. From Keen-Maskit-Series, 1993:

o G is geometrically finite.
G is an algebraic limit of Schottky groups.

(4]

o Every component of the ordinary set of G is a disk on which G
represents a triply-punctured sphere.

o There are 2g — 2 equivalence classes of disks in the ordinary set.
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G = (a1,...,ag) is a freely generated, maximally parabolic, discrete group
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o G is geometrically finite.
o G is an algebraic limit of Schottky groups.
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G = (a1,...,ag) is a freely generated, maximally parabolic, discrete group
of Mobius transformations. From Keen-Maskit-Series, 1993:

o G is geometrically finite.

o G is an algebraic limit of Schottky groups.

o Every component of the ordinary set of G is a disk on which G

represents a triply-punctured sphere.

o There are 2g — 2 equivalence classes of disks in the ordinary set.

o There are 3g — 3 classes of words which are parabolic in G, up to
conjugacy, inverse, and powers.
Any two representations of G for which the same words in ajil are
parabolic are conjugate in PSL(C).

©
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o Floyd, 1980: continuous map ¢ : G — Limit Set A(G), where G =
group completion of G. (infinite words in G)

October 25, 2019 21/31



o Floyd, 1980: continuous map ¢ : G — Limit Set A(G), where G =
group completion of G. (infinite words in G)

o ¢ is 1-1 except at fixed points of parabolic elements where it is 2-1.

October 25, 2019 21/31



o Floyd, 1980: continuous map ¢ : G — Limit Set A(G), where G =
group completion of G. (infinite words in G)

o ¢ is 1-1 except at fixed points of parabolic elements where it is 2-1.

° /\(afl) = all limit points equal to ¢(infinite word beginning with ajil).
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Floyd, 1980: continuous map ¢ : G — Limit Set A(G), where G =
group completion of G. (infinite words in G)

¢ is 1-1 except at fixed points of parabolic elements where it is 2-1.
/\(afl) = all limit points equal to ¢(infinite word beginning with ajil).
Circle Web of G: all disks in the ordinary set of G with boundary

circles intersecting at least two /\(afl).
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Floyd, 1980: continuous map ¢ : G — Limit Set A(G), where G =
group completion of G. (infinite words in G)

¢ is 1-1 except at fixed points of parabolic elements where it is 2-1.
/\(afl) = all limit points equal to ¢(infinite word beginning with ajil).
Circle Web of G: all disks in the ordinary set of G with boundary

circles intersecting at least two /\(afl).

The circles in the web pass through fixed points of parabolic words of
minimal length.
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Floyd, 1980: continuous map ¢ : G — Limit Set A(G), where G =
group completion of G. (infinite words in G)

¢ is 1-1 except at fixed points of parabolic elements where it is 2-1.
/\(afl) = all limit points equal to ¢(infinite word beginning with ajil).
Circle Web of G: all disks in the ordinary set of G with boundary
circles intersecting at least two /\(afl).

The circles in the web pass through fixed points of parabolic words of
minimal length.

The junction circles pass through three such fixed points, and are
determined by those points. Each equivalence class of disks contains
at least one junction disk.
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Floyd, 1980: continuous map ¢ : G — Limit Set A(G), where G =
group completion of G. (infinite words in G)

¢ is 1-1 except at fixed points of parabolic elements where it is 2-1.
/\(afl) = all limit points equal to ¢(infinite word beginning with ajil).
Circle Web of G: all disks in the ordinary set of G with boundary
circles intersecting at least two /\(afl).

The circles in the web pass through fixed points of parabolic words of
minimal length.

The junction circles pass through three such fixed points, and are
determined by those points. Each equivalence class of disks contains
at least one junction disk.

There is an algebraic number field K such that all the fixed points of
parabolic elements may be chosen in K. (“field of definition™)
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o Gens: a(z) =1++/-3+=, b(z) =z+2. Parabolic: Ba?, BAba, b.
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1
o Gens: a(z) =1++/-3+=, b(z) =z+2. Parabolic: Ba?, BAba, b.
z

o Circles: Loz[_ol. é],le[? 2:/15]

[ V3 Vv3-i _[V3 —2i
R e R P

[ V3 =B _ V3 —2+3-2j
C2_[—x@+i V3 }'C3_[—2\/§+2i 5v3 |

o.o ‘
202

O\
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3 S

1
o Gens: a(z) =1++/-3+=, b(z) =z+2. Parabolic: Ba?, BAba, b.
z

o Circles: Ly = [_0, (I)] L= [(1) 2_\/15]
Co:[ V3 \/g_i:|vC1:|:\/§ —2/],

o.o ‘
202

O\

V3+i V3 2i V3
C_[ V3 —\/§—,} C_[ V3 —2+3-2j
27 VB VBT [=2vB+2i 0 5B

o Curvatures: nv/3, n=0,1,2,5,6,8,9,12,13,17,18,20,21,22,24,25 29, ...
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3 S

1
Gens: a(z) =1++v—3+ =, b(z) =z+2. Parabolic: Ba?, BAba, b.
z

. 0 i 0 —i
Circles: Lo = [—i O]' L = [i 2\/5]
o[, % o[ ]
V3+io V3T 20 V3B
sz[ V3 —ﬁ—:} C:[ V3 -2v3-2i]
~V3+i V3 7T |-2vB+2i 5V3
Curvatures: nv/3, n=0,1,2,5,6,8,9,12,13,17,18,20,21,22,24,25,29, ...
C-corners: all of form mv/3 + ni, m,n € 7.

o.o ‘
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O\
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3 S

1
Gens: a(z) =1++v—3+ =, b(z) =z+2. Parabolic: Ba?, BAba, b.
z

. 0 i 0 —i

Circles: Lo = [—i O]' L = [i 2\/5]

o[, % o[ ]
V3+io V3T 20 V3B

sz[ V3 —ﬁ—:} C:[ V3 -2v3-2i]
~V3+i V3 7T |-2vB+2i 5V3

Curvatures: nv/3, n=0,1,2,5,6,8,9,12,13,17,18,20,21,22,24,25,29, ...

C-corners: all of form mv/3 + ni, m,n € 7.

Recursion: Co+ G =2Lg+2C, GG+ (3 =211 +2GC,.
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o Parabolic: Ba3, BAba, b.
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o Parabolic: Ba®, BAba, b.
o Gens: b(z) =z+2,

| 4-V2VAT 10+ (24 V104 2V4AT)

a2)=pn+ 7= 2 T
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o Parabolic: Ba®, BAba, b.
o Gens: b(z) =z+2,

| 4-V2VAT 10+ (24 V104 2V4AT)

a2)=pn+ 7= 2 T

o 2 —(2+iu+2+2i=0.
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o Parabolic: Ba*Ba3Ba3, BAba, b.
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o Parabolic: Ba*Ba3Ba3, BAba, b.
1 1 \/
o Gens: b(z) =z+2, a(z) = pto= *
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o Parabolic: Ba*Ba3Ba3, BAba, b.

1 1 \/
o Gens: b(z) =z+2, a(z) = pto= *
o p?2—pu+3=0.
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o Parabolic: Ba*Ba3Ba3, BAba, b.

1 1 \/
o Gens: b(z) =z+2, a(z) = pto= *

o p?2—pu+3=0.

o Circles L [O i] [O —i } C [ V11 —i++/11
0= . L1 =1. , Co=|. ,
—i 0 V11 i
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Parabolic: Ba*Ba3Ba3, BAba, b.

1 1++v-11 1
Gens: b(z):z—|—2,a(z):,u+f:+7+f.
z 2 z
p?—pu+3=0.
Circles Lg = 0 i L = 0 - G = Vi1 —it Vil
O~ i o't i vail® " i+ vl Vil |
Curvatures: nyv11, n =

0,1,2,3,4,5,6,7,8,9,10,11,12, 13, 14, 15, 16, 17, 18, 19, 20, 21,22, ...
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Parabolic: Ba*Ba3Ba3, BAba, b.

1 1++v-11 1
Gens: b(z):z—|—2,a(z):,u+f:+7+f.
z 2 z
p?—pu+3=0.
Circles Lg = 0 i L = 0 - G = Vi1 —it Vil
O~ i o't i vail® " i+ vl Vil |
Curvatures: nyv11, n =

0,1,2,3,4,5,6,7,8,9,10,11,12, 13, 14, 15, 16, 17, 18, 19, 20, 21,22, ...

V11 ]
C-corners: of form mf—i_m n=m (mod 2).

October 25, 2019 24 /31



Parabolic: Ba*Ba3Ba3, BAba, b.

1 1+v—-11 1
Gens: b(z):z—|—2,a(z):,u+f:+7+f.
z 2 z
p?—pu+3=0.
Circles Lg = 0 i L = 0 - G = Vi1 —it Vil
07 i ol P i ovIL|r T li+vir VIl |

Curvatures: nyv11, n =

0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18, 19, 20, 21, 22, ...
V11 ]

C-corners: of form mf—i_m n=m (mod 2).

Recursions: 4Co+ G4 =3Lg+3C, G+ G=L1+ G =L+ G,...
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Map of Maskit Cusps

w(0/1) = 2i (/1) =242

B w(1/2) =1+ J3i s

1(3/10) = 1+,2[m
=005+ 1.91i

U0 u(1/3)

/

wo/1)

e

u(1/2)

u2/3)
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Genus 2 Maximal Cusp
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Genus 2 Maximal Cusp
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Genus 2 Maximal Cusp
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Genus 3 Maximal Cusp

KALMIIs 000000000004 20000000000 HAAMS. 00000000000 20000000000
[
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Maskit 3/10 Fruit Salad
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